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The Universal 2-Cover of the P-geometry ~3(C02) 
S. V .  SHPECTOROV 
It is proved that the geometry in title is simply connected. Its universal 2-cover is proved to 
be a new P-geometry related to a non-split extension 323 • Co 2. The  GF(3)-module involved in 
this extension is a submodule of.the Leech lattice taken modulo 3. 
1. INTRODUCTION 
The main goal of the present paper is to construct he universal 2-cover of the 
geometry ~(Co2). This is part of a more general program aimed at the classification of 
all flag-transitive P-geometries, i.e. the geometries with diagrams 
P 
where P denotes the geometry of vertices and edges of the Petersen graph. The notion 
of P-geometry, introduced in [5], is interesting due to the fact that all known examples 
of such geometries ( ee [5], and also [3] and [7]) are related to sporadic simple groups. 
On Figure 1 one can see the tree of examples constructed in [5]. In that tree the path 
from the root to a P-geometry passes through all its residues, which are themselves 
P-geometries. Notice that, after [5], we use the following notation: ~(G) is a geometry 
possessing a faithful flag-transitive action of a group G. 
Since all known examples of P-geometries are related to sporadic groups, it is 
natural to conjecture that the list of all flag-transitive P-geometries coincides, or almost 
coincides, with the list of examples constructed in [5]. According to the amalgam 
method, a proof of such a conjecture can consist of two steps: (1) classification of 
amalgams of maximal parabolic subgroups related to the flag-transitive geometries 
under consideration; and (2) determination of closures of the amalgams found at the 
first step. It is natural to distinguish the cases of rank 3, 4 and 5 in which examples 
exist, and the case of larger ranles. 
Up to now, a major part of this program has been fulfilled. The starting point was 
[12], where it was proved that any flag-transitive P-geometry of rank 3 is isomorphic 
either to  C~(M22), or to its universal cover q3(3 • M22);  [13] contains the classification of 
all amalgams arising in the rank 4 case. They are three amalgams, ~/(M~), ~/(C02) 
and ~¢(J4), related to the known examples, and two extra amalgams, ~¢(M23) and 
~/(C02), which may be related to 2-covers of the geometries ~(M23) and q3(C02). It was 
proved in [6] that the universal closures of both amalgams ~(M23) and ~/(M23) are 
isomorphic to Mz3. An analogous result concerning ~/(J4) was proved in [8]. In the 
present paper we consider the remaining case of two amalgams related to cg(Co2). 
THEOREM. The universal closures of the amalgams ~/(Co2) and ~(Co2) are 
isomorphic to Co2 and to a non-split extension 323. Co2, respectively. The module 
involved in this extension is isomorphic to the 23-dimensional irreducible submodule in 
A/ 3A, where A is the Leech lattice. 
This theorem means that ~(Co2) coincides with its universal cover, while its 
universal 2-cover is a new flag-transitive P-geometry c~(323 • Co2) of rank 4. Since in 
323. Co2 the factor group Co2 acts irreducibly on 323, we obtain that the full list of 
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flag-transitive P-geometries of rank 4 consists of four geometries ~(M23), ~(Co2), 
(~(323" C02) and ~(J4)- 
The case of ranks larger than 5 and, partially, the rank 5 case were also considered 
by A. A. Ivanov and the author. The corresponding papers are now in preparation. 
The only open problem remaining in the area is the following: 
PROBLEM. What is the universal 2-cover of ~(F2)? 
2. PRELIMINARY DISCUSSION 
There are two languages, namely those of geometries and amalgams, which we use 
in parallel throughout the paper. By a geometry we mean here a residually connected 
(equivalently, strongly connected) geometry of finite rank, as it was defined in [2] and 
[14]. Moreover, all our geometries are flag-transitive, ither by construction or by 
assumption. 
Geometries form a subclass of the class of the so-called chamber systems (see [9] or 
[14]). Certain morphisms between chamber systems can be considered, called 
s-coverings, where s is a natural number less than the rank of the chamber system. In 
general, an s-cover of a geometry is not a geometry. Nevertheless, all of the s-covers 
that we will consider will be geometries, so without loss we may define the notion of 
s-covering in geometric terms. Let ~3, 43 be two geometries over the same type set I, 
and tp be a morphism 43 on to ~ (i.e. tp preserves types and incidence). Then q~ is an 
s-covering if for any flag F of 43 the residue res(F) of which has rank at least s the 
restriction of q0 on to res(F) maps it isomorphically on to res(~(F)).  For a fixed s the 
theory of s-coverings runs 'parallel' to the ordinary topological theory of coverings. In 
particular, s-coverings are controlled by a special s-fundamental group, and there exists 
a universal s-cover. When s is one unit less than the rank, s-coverings of a geometry 
are just usual coverings of the corresponding flag complex, i.e., the complex formed by 
all flags of the geometry. It should be also mentioned that if 43 is a 2-cover of ~ then 
both geometries have the same diagram. 
By an amalgam we mean a collection of groups such that all their operations coincide 
on pairwise intersections (in particular, we assume that all of those groups have the 
same unit element). We should stress that amalgam is considered here as an abstract 
object, whereas quite often it is defined more restrictively as a collection of subgroups 
in a group. 
Let -~ = {M,]i ~ I} be an amalgam. Then the subgroups M i will be called the 
members of ~,  while their elements will be called the elements of ~ .  The universal 
closure of ,~ is the group freely generated by all elements of ~/ and then factorized 
over all relations valid in the members of ~ .  It is clear from the definition that the 
universal closure of ~ is 'the largest' group generated by ~.  If the natural mapping of 
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~/to its universal closure is not an embedding, then s¢ cannot be embedded in a group 
at all. 
As we have said above, all geometries in this paper are flag-transitive. Given a 
geometry c~ and a group G acting on it flag-transitively, we may choose a maximal flag 
F and consider the set ~g = {Mi I i ~ 1}, where Me is the stabilizer in G of the element of 
type i from F. In this way we obtain an amalgam of maximal parabolic subgroups of G 
acting on ~. Other parabolic subgroups are Mlo = N,,~o Mi, where Io is any non-empty 
subset of I. Subgroups P,-= Ml_~e ~ are known as minimal parabolic subgroups. If we 
put Plo = (Pe] i= I0) ,  then the strong connectedness implies that Pio=Ml_lo. The 
cardinality of I0 is called the rank of the parabolic subgroup P~0. Notice also that we can 
define all these things for any abstract amalgam {Me I i = I} as well. 
Now we turn to the main topic of this discussion. Let sO, be the amalgam formed by 
all parabolic subgroups of rank s in M. The following result (see [15]) ties together the 
notions of universal (s-)cover and universal closure. 
PROPOSITION 2.1. Let ~ be a geometry and ~ its universal s-cover. Let G act on 
flag-transitively and ~l be an amalgam of maximal parabolic subgroups. Then the 
amalgam ~ can be isomorphically lifted into the automorphism group of ~, where it 
generates aflag-transitive subgroup--its universal closure. 
Now we are ready to discuss the problem that we solve in this paper. Let fg be the 
rank 4 geometry ~(Co2), first constructed in [7]. We are interested in its universal 2- 
and (3-)covers. Let s¢ = ~/(Co2) be an amalgam of maximal parabolic subgroups 
arising in the action of Co2 on ~. Then, by Proposition 2.1, the universal closure of ~/ 
acts flag-transitively on the universal cover of cg, and the universal closure of ~/2 acts 
flag-transitively on the universal 2-cover of c~. Hence, in both cases we have two 
equivalent ways of reaching the universal (2-)cover. We may determine ither the 
fundamental group or the universal closure. Notice also that instead of ~2 we may 
consider the amalgam ~ = {l~lili E 1 = {0, 1, 2, 3}}, where A~/, is the universal closure 
of the subamalgam {P{s, ,}] s 4: t e I - {i}}. The universal closure of ~ coincides with 
that of a¢2. The amalgam ~¢ is just the amalgam ~/(Co2) mentioned in the introduction. 
Finally, let us say a few words about the plan of the paper. In Section 4 we elaborate 
a purely combinatorial construction of ~(Co2), which will be useful for subsequent 
calculations. Before that, in Section 3, we list well known properties of the structures 
that we will work with. In Section 5 we prove that the fundamental group of ~ is 
trivial. After that we start the investigation of the universal closure ~ or ~/, thus 
attacking the universal 2-cover of ffl(Co2) in the second way. First, in Section 6, we 
prove that this closure is not isomorphic to Co2. The idea is to embed ~/ into  some 
group. In this section we use the information about mutual indices and structures of 
parabolic subgroups in M several times. This information tightly concerns the diagram 
of cg. However, it can easily be reformulated in terms of combinatorial structures 
introduced in Section 4, and can be verified directly. In Section 7 we make some 
preparations; namely, we describe a certain class of rank 3 simplectic subgeometries in 
cg. Similar subgeometries can be constructed in terms of parabolic subgroups in each 
flag-transitive P-geometry, but here we construct these subgeometries in a purely 
combinatorial way in order to make further considerations more clear. In Section 8 we 
prove that the kernel of the natural homomorphism of t~ on to Co2 is abelian. In 
Section 9 we identify this kernel as a module for Co2. 
The notation used in this paper is more or less standard. In particular, A .  B 
(respectively, A: B, A -B)  denotes any (respectively, split, non-split) extension of a 
normal subgroup A by a factor group B. 
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3. A COMBINATORIAL BACKGROUND 
The Steiner system S(5, 8, 24) is a set of 8-element subsets (octads) of the set 
~= {1 , . . . ,  24}, such that each 5-element subset of ~ is contained in exactly one 
octad. The Steiner system S(5, 8, 24) is unique up to the action of the symmetric group 
of ~. In what follows, 50 denotes an arbitrary, but fixed realization of S(5, 8, 24). 
We list some of the properties of S(5, 8, 24) (see [4]). 
(501) If O1, 02 • ~0 then ]O 1 ["l 02[ = 0, 2 or 4. 
(5°2) If IO1 f'l O21 = 0 then ~- (O1 fq 02) is an octad. A triple of pairwise disjoint 
octads is called trio. 
(503) A dodecad is the symmetric difference of two octads O1 and 02 with 
101A 021 = 2. If ~ is a dodecad then ~ - ~ is also a dodecad. No dodecad contains an 
octad. 
(504) If IO~ n O21 = 4 then the symmetric difference of O1 and 02 is an octad. Let T 
be a 4-element subset of ~. Then T is contained in exactly five octads (say, 
Oa , . . . ,  05). If we put T{} = T and, for t = 1 , . . . ,  5, Te = Oe - T, then {Tj} is a family 
of six 4-subsets, which is a partition of N with the following property: T~ U Tj is an octad 
for any 0 ~< i < j  ~< 5. Such partitions are called sextets. 
(505) If O is an octad then the set {O' • 5° ] O A O' = ~} can be considered as the 
set of hyperplanes of some 4-dimensional ffine space Jr(O) over GF(2), defined on the 
set of points ~-  O. It means that O, together with any two parallel hyperplanes of 
Jr(O), form a trio. A set of four parallel planes of Jr(O) is part of a sextet {T,-}, with 
the property that O = T,, U Tj for some i and i. Accordingly, any sextet with this 
property is obtained as above. 
(506) Let us consider 2 ~ as a 24-dimensional vector space over GF(2) with 
symmetric difference being the addition. Then octads generate in 2 °~ a 12-dimensional 
subspace C known as the Goley code. C consists of ~,  ~, 759 octads, 759 complements 
of octads and 2576 dodecads. 
REMARK. In what follows we will denote the symmetric difference on 2 ~ by '+' .  
The Leech lattice A is defined in [4] in the following way. It consists of all vectors 
(x~ . . . . .  x24) with integer co-ordinates satisfying: 
(A1) All co-ordinates have the same parity e = 0 or 1. 
(A2) If (r = 0, 1, 2 or 3 then the set of indices i with xi =- o~ mod 4 is contained in the 
Golay code C. 
(A3) 2241xi ~ 4e rood 8. 
Equipped with the inner product (x, y )= ±r24 8z~i=~xiy~, A becomes the unique, even 
unimodular, 24-dimensional lattice without vectors of length 2. Let An denote the set 
of x • A of length 2n. The following properties are straightforward. 
(A4) Each vector from Az has one of the shapes (+4)20 22, (-t-2)80 16 and 
(A5) Let /i, = A/2A. Then A ct =/~2 U/~3 U A4. If v • Ai, i = 2, 3, then ~ f3 (A 2 U 
A3 U A4) = {v, -v} .  If v • A 4 then ~ A (A2 U A 3 U A4) is a system of 48 vectors from 
A4 lying on 24 pairwise orthogonal ines in ~24. Such systems in A are called 
co-ordinate frames. 
Now we turn to automorphism groups. The automorphism group of S(5, 8, 24) is the 
largest Mathieu group M24, which is 5-transitive on ~. We are also interested in the 
stabilizer of a 2-element subset, which is isomorphic to Aut(M22) = M22: 2, where M2z is 
another Mathieu group. 3424 is transitive on the set of octads (trios, dodecads and 
sextets). The following property will be very useful. 
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(M) The stabilizer in M24 of an octad O acts on the affine space :r(O) faithfully and 
is isomorphic to the full affine group AGL4(2)= 2n: GL4(2). Acting on O, it induces 
the alternating roup A8 = GL4(2). 
The automorphism group of the Leech lattice A is a non-split central extension 
2- Col of the Conway sporadic simple group Col. Aut(A) acts transitively on Ai for 
i = 2, 3 and 4. Another Conway group Co2 is, by definition, the stabilizer of a vector 
from A2. We also describe the stabilizer of a co-ordinate frame. Let us take F to be the 
standard co-ordinate frame {(0 . . . . .  d:8, 0 , . . . )} ,  where the unique non-zero co- 
ordinate ranges through the whole ~. Then the following holds. 
(Co) The stabilizer in Aut(A) of the standard frame F is a semi-direct product of 
two groups. One of those groups is a diagonal group E=2 12 that is naturally 
isomorphic to the Golay code C: namely, the co-ordinates, in which e • E changes ign, 
form the corresponding element of the Golay code. Another group is the group 
M=M24, the elements of which just permute the co-ordinates in the natural way. 
Also, i fx  = (x1 ,  . . . , x24  ) and y = (Y l ,  . - • , Y24) are vectors of A such that ]x,] = ]Y i ]  for 
each i, then there exists e • E such that x ~ = y. 
4. THE GEOMETRY q~(Co2) 
The geometry ( -~(Co2)  was  originally constructed by A. A. Ivanov [7]. That 
construction, as well as the second construction in [5], was not purely combinatorial. In 
fact, both constructions made use of the subgroup structure of Co2. In this way, some 
difficulties are met in performing some calculations with elements of the geometry. 
Therefore, first of all, we will present a purely combinatorial construction of ~(Co2). 
We define our realization G of Co2 as the stabilizer in Aut(A) of v0 = (4, 4, 022). 
Here one can see the way in which we will specify vectors from A. For the last 22 
co-ordinates we will specify only the shapes of the respective subvectors. 
Let 27 denote the set of pairs {v, -v} ,  where v c A2 and (vo, v) = 0. Each such pair 
corresponds to a single vector from ,~2. For (r e Z let vo be any representative of a. We 
will write 6 instead of ~ .  
It is well known (see [4]) that G acts transitively on Z. Put o0 = {u, -u} ,  where 
u = (4, -4 ,  022). Then the stabilizer H of o 0 in G also stabilizes t7 + v0 e fi-4, which is 
the image of the standard co-ordinate frame F. Hence H can be easily identified with a 
maximal subgroup 21°: Aut(Mz2) of G (see [16]). Moreover, the orbits of H on 27 can 
also be easily determined. The corresponding information is presented in Table 1. 
For a e 27, let Zi(cr) denote the neighbourhood of (r in the G-invariant graph defined 
on 27 by the orbit 27i. We are mostly interested in the case i = 1, so in what follows we 
will consider 27 as the graph defined by -Y'I. Also, 271(a) will usually be shortened to 
Z((r). Let o, T and p be distinct vertices of 27 such that 0 + ~. +/5 = ~0- By definition, p 
is determined by o and 1:, so we will write p = ~* r. Of course, the partial operation *
is commutative, and if p = tr * r then also cr = p * l" and 77 = (r * p. 
TABLE 1. 
Orbit Representative v,, Length 
"~0 (4, --4, 022) ] 
._vT, (0, 0, (+4)202°) 462 
Z 2 (0, 0, (+2)80 TM) 21 120 
Z 3 (2, -2 ,  (+2)6016) 2 464 
-Y'4 (1, -1 ,  (+3)(~1)  21) 22 528 
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LZMMA 4.1. I f  oo= r * p then v, and vp (or v o and v,)  can be chosen to have the 
form (0, 0, 4202°) and (0, 0, 4(-4)02°), where non-zero co-ordinates in v¢ and vp occupy 
the same places. 
PROOF. Analyse Table 1 using ~ = fi + ~ + 00. [] 
From Lemma 4.1 we can easily conclude that the condition from the definition of the 
operation * can be written in a more precise form: namely, if p = a*  7:, then always 
vo + v~ + vp + v0 E 2A2. In this form the condition can be easily checked for any o, r 
and p. 
Another consequence of Lemma 4.1 is that o = • * p implies adjacency of any two of 
those vertices. Therefore, the operation * gives us a practical method of checking the 
adjacency of two given vertices of Z. We will use this observation for describing all 
maximal cliques in 27. First of all, we define a special clique. Let O be an octad from ,9 o 
not intersecting L, = {1, 2} and let L2, •. •, L8 be the lines parallel to L1 in ~r(O) (see 
(,5e5)). Let 6) be the subset of Z consisting of o0 and 14 pairs from Z1 with non-zero 
co-ordinates occurring in one of L~, 2 ~< i ~< 8. We are going to prove the following: 
PROPOSITION 4.2. Each maximal clique in Z is conjugate to 6) under the action of G. 
For x ~ A let S(x) = {i ~ ~ [ xi 4: 0}. Also, we will write S(t )  instead of S(v O. 
First of all, we classify all o, T and p with o = $ * p and 3, p c Za. We may suppose 
that o 4: o0. By the above we have that x = v ,  + v~ + vp + v0 6 2A2. Using Table 1, one 
can easily check that x/2 has 2 as its first co-ordiante and, hence, it has the shape 
(+2)80 16. But then vo has at least two co-ordinates equal to -t-4. Since vo e A2 we 
obtain the following: 
LEMMA 4.3. Let 3, p ~ Z1 and o -7 s Oo. Then o = ~ * p iff: 
(1) o e 2:,; 
(2) {1, 2} U S(o) tO S(v) tO S(p) is an octad; and 
(3) the total number of positive co-ordinates in vo, v, and vp is even. 
In particular, this lemma and Lemma 4.1 imply that O is a clique of size 15. 
The next lemma is crucial for the proof of Proposition 4.2. For a maximal clique -~ of 
Z, put ~ = -~ tO {0} (here 0 is considered as a formal symbol) and extend * to the set 
of all pairs from ~ by ~ * ~ = 0 and ~ * 0 = 0 * ~ = ~. 
LEMMA 4.4. ~ is closed under * and ~ is an elementary abelian 2-group. 
PROOF. By (1) of Lemma 4.3, if o, ~ and p are adjacent hen o is adjacent with 
T* p. Therefore, w is closed under *. If ~ and p are adjacent elements of 27~ then, by 
(3) of Lemma 4.3, we have o0" ( r ,p )  = (o0" 3)* p (see also Lemma 4.1). This just 
means that *, which is commutative, is also associative on any maximal clique. [] 
In what follows, we will call a clique in 27 closed if it is closed under *. 
PROOF OF PROPOSmON 4.2. Let ff be a maximal clique in 27. By Lemma 4.4, E is 
closed and has size 3, 7, 15, 31 or more. By Lemma 4.3, closed cliques of size 3 are all 
conjugate by the action of G. Hence they are not maximal, since O contains such a 
clique. Let ~ be a closed clique of size 7, containing o0. Then ~-  {%} contains a 
closed clique {or, 3, p}. Now it is clear from Lemma 4.1 that ~-{go} = {6 
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Z I IS (8 )=S(o) ,  S(~) or S(p)}. Hence, by Lemma 4.3, such cliques ~ are in a 
bijective correspondence with triples {$1, $2, $3} of 2-element subsets of ~-  {l, 2} 
such that {1, 2} to $1 t_)Sz tO $3 is an octad. It is now straightforward that, for any k, 
cliques of size 2 k -  1 containing a0 are in bijection with families @ of 2 ¢ -1 -  1 
2-element subsets of ~-  (1, 2}, with the following property: if $1, $2 E ~- then there 
exists $3 e f f  such that { 1, 2} tO $1 t_/$2 to $3 is an octad. In particular, all subsets from o% 
are mutually disjoint. We will use the same symbol * and write $3 = $1 * $2. 
If k = 3 such families are conjugate under the action of the stabilizer H of a0, since 
the stabilizer of an octad (in Mz4) induces on it the alternating roup As- We obtain 
that all closed cliques of size 7 are conjugate. Since O contains a closed 7-clique we 
obtain that closed 7-cliques are not maximal. If k >~ 5 then ,~ should consist of 15 
disjoint 2-subsets. This is obviously impossible. 
Now let k = 4. Then ~- consists of 7 disjoint subsets $1 . . . .  , $7. Associated with ~-, 
we have 7 octads O1, . • • , 07 of the type {1, 2) tO S 1 ~J S 2 ~ (S 1 :~ S2). Each 2-subset from 
~- is contained in exactly 3 of them. Both 7 and 3 are odd numbers; hence the Golay 
code member X = O1 + - • - + 07 is equal to (1, 2} U $1 tO - • - U $7. Therefore X is the 
complement of some octad O. Moreover, for each i, {1, 2} to S/is the intersection of 
any two octads Oj containing S~. It follows that {1, 2} tO 5:,- is a plane in Jr(O), i.e. {1, 2} 
and S~ are parallel ines in :r(O). Therefore all S~ are parallel to {1, 2}, and we are led 
back to the definition of the clique O. [] 
Now we are ready to present a combinatorial construction of the geometry ~(Co2).  
Let ~d consist of all closed cliques in ~. Possible sizes of closed cliques are 1, 3, 7 and 
15. We state that the type of a clique is i = 0, 1, 2, 3 if its size is 24-i - 1 (the same 
order of types as in the above diagram). The incidence is defined by inclusion. Just 
from the definition, we obtain that cg is a geometry with a string diagram. 
PROPOSrrION 4.5. The geometry ~ defined above is isomorphic to the P-geometry 
Co ). 
PROOF. The construction, given in [5], started with two maximal 2-local subgroups 
of G. One of them is our subgroup H-~ 2~°: Aut(M2z), i.e. the stabilizer of a0, and the 
other one is the centralizer C of a non-central involution chosen in the orbit of H on 
O2(H) ~ of size 330 (we temporarily use the letter C to denote this centralizer, since [5] 
did so). Then one has that [C: C f )H]  = 15; hence the orbit Eo f  o0 under the action of 
C has size 15. It is clear that 3 can be considered as the point set of a projective 
3-dimensional space over GF(2) that is invariant under the action of C. The geometry 
~(Co2) was defined in [5] as the set of all subsets of 27 conjugate to ~, or to some 
point, line or plane in ~. 
Turning to ~, it was just proved in [5] that ,~ - {o0} is contained in ~1- Since C acts 
on -~ transitively, we obtain that ~ is a (maximal) clique. However, a structure of a 
projective 3-space on if, invariant under C, is unique. Therefore, points, lines and 
planes are just closed subcliques in E, and so we are led back to the same definition 
given before. [] 
The amalgam ~/, which relates to the action of G on q3, consists by definition of the 
stabilizers in G of elements of a fixed maximal flag. Let us choose such a flag. Let O be 
an octad not intersecting {1, 2}, P a plane in Jr(O) containing (1, 2}, and Q a 
hyperplane in n(O) containing P. Then we obtain a maximal flag in ~3 consisting of 
closed cliques -~0 = {o0}, ~1, ~2 and -~3; the last three determined in the above sence 
by the sets of lines from :r(O) parallel to {1, 2} and contained in P, Q and at(O), 
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respectively. For the rest of the paper we fix the following notation. Let M~ be the 
stabilizer in G of the clique ~.  Then the amalgam M = {Mo, Mr,/142, M3} is just the 
amalgam M(C02). Notice that the notation Mr0 and P~,, from Section 2 will be valid 
throughout the paper. 
5. SIMPLE CONNECTEDNESS OF ~(Co2) 
In this section we will prove the first part of our main theorem; namely, we prove 
that the universal closure of the amalgam M(Co2) is isomorphic to Co2. By Proposition 
2.1, the last statement is equivalent o simple connectedness of ~d(Co2). Coverings of 
geometries are just coverings of the corresponding flag complexes, so along with the 
general theory we should prove that the fundamental group of ~d(Co2) (i.e. of its flag 
complex) is trivial. 
The fundamental group of ~ = ~d(Co2) is defined as follows (cf. [9, 10]). A path in cg 
is a sequence of elements (x o ,xm, . . . , x~) ,  such that xi_~ is incident to xi for 
i= l , . . . ,n .  Given two paths p=(x0 ,  xl . . . . .  x~) and q=(yo ,  yl . . . . .  y,,), with 
x~=y0, we can construct a path p -q=(x0 ,  xl . . . .  ,x~, Yl . . . .  ,y~). If p= 
(xo, xl, . . - , x,)  then p-1 = (xn, x~_l . . . .  , xo). Two paths p - ql " r and p - q2" r with 
q~. q~-i lying in a flag F are called elementary homotopic. The homotopy of paths is 
the equivalence relation defined by the elementary homotopy. For a path p, let [p] 
denote the class of all paths homotopic to p. As usual, the operations defined on the 
set of paths can be considered as operations on the set of homotopy classes. The set of 
classes [p], where p = (x, x~, . . . , xn-1, x) for a fixed element x, forms the fundamen- 
tal group :r(x). Therefore, in order to prove the simple connectedness of ~d we should 
check that any path p = (x, Xl . . . . .  x~_~, x) is contractible, i.e. homotopic to the 
trivial path (x). 
We need some simple properties of the homotopy relation. Let us recall that res(F) 
denotes the residue of a flag F, i.e. the set of all elements x c ~d- F such that {x} U F is  
a flag. The following lemma is straightforward. 
LEMMA5.1. Any two paths p . ql . r and p . q2. r with qt . q21 lying in res(F) for  a 
non-trivial flag F, are homotopic. 
Using this lemma we represent our problem about simple connectedness of ~d as a 
question about cycles in Z. As starting element x, we choose the vertex o0 of the graph 
27. 
LEMMA 5.2. Any path (x, x~,.  . .  , x~_~, x)  is homotopic to a path passing through 
elements of  types 2 and 3 only. 
PROOF. We will exploit the strong connectedness of qg. Let us consider a path 
p = {x, xl, • - . ,  xn-1, x} in ~3, and let x~ be the first element in this path, having type 
not in {2, 3}. Let y be an element of type 2 or 3, which is incident to both xg and xi+l. 
Since res(xi) is strongly connected we can choose in res(xg) a path (xi-1, YI, • - • , Y,, Y), 
with y~, . . . , ys  of types 2 or 3. By Lemma 5.1, p is homotopic to the path 
(x, x l , . . . , x i _ l , y l  . . . .  , y~,y ,x~+l , . . . , x ) ,  which contains a smaller number of 
elements of types not in {2, 3}. The lemma follows by induction. [] 
By this lemma we may consider only paths (x, x 1 . . . .  , x~_~, x)  with all elements of 
types in {2, 3}. Moreover, we may suppose that our path has no returns, i.e. xi ~x,-+2 
for 0 ~<i~ < n -  2 (certainly, x0 = x = xn). Such paths are in a natural bijection with 
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cycles (x = ao, ~1, • • • , ~s-1, 170) in X (oq , . . . ,  O~s_ 1 being vertices of X). Indeed, it is 
sufficient o put s = n/2 and or/= x2,-,  1 ~< i ~< s - 1.  
Now we can reformulate our problem in terms of cycles. Clearly, any cycle lying in a 
(closed) clique in 27 is contractible. Thus, in order to prove the simple connectedness 
of q3(Co2) it is sufficient o prove that any cycle in X can be decomposed into a product 
of 3-cycles. We will call such cycles contractible. 
There is a straightforward method for proving contractibility of cycles in graphs. Let 
F be a vertex-transitive graph, let v be a vertex of F, and let F~(v) denote the set of 
vertices in F at distance i from v. 
LEMMA 5.3. Any cycle in F is contractible if the following two statements hold: 
(i) for i>1  and for any x•F i (v ) ,  the subgraph generated by Fi i - l (v)~F(x) is 
connected; 
(ii) for i > 1 and for any adjacent x, y • F~(v), the subsets/7_l(U) ["]/~(x) and Fi_l(v) fq 
F(y)  are at distance at most one in 12. 
PROOF. A cycle C in F is called prime if for any vertices x, y • C the distance 
between x and y in F coincides with that in C. Any cycle in F can be decomposed into a 
product of prime cycles of smaller length. Furthermore, given a prime cycle C of length 
n > 3, it follows from (i) for n even, or from (ii) for n odd, that C is a product of prime 
cycles of smaller lengths (see Figure 2). Therefore the lemma follows by induction. [] 
PROPOSITION 5.4. All cycles in X are contractible. 
PROOF. We will use Lemma 5.3. Let F = X and v = 17o- Of course it is sufficient o 
consider only representatives of orbits of H (i.e. the stabilizer of 17o) on the vertex and 
edge sets of 27. The necessary information about these orbits, easily computable via the 
operation *, is represented on Figure 3 (see also Table 1). In that figure, around the 
box denoting the orbit 27i, we indicate the sizes of the orbits of the stabilizer in H of 
17 • Z/, acting on the set of edges incident o 17. If k depicts an orbit ~ of edges incident 
to 17, then k* depicts the orbit 17. q~ (assuming, of course, that q~4: 17. q~). Here we 
identify the edges coming from 17 with their end points. 
Let us first check condition (i) from Lemma 5.3. If i = 2 then x is a representative of 
~2 or X 3. Let x = ,~2 and g2 = 271A 27(x). Then [g21 = 7. We shall prove that this set 
generates a clique in 27. By Table 1, O = S(x) is an octad in ~-  {1, 2}. Using the 
operation * it is easy to see that the sets S(y),  y • g2, are just all lines in :r(O) parallel 
to {1, 2} and distinct from it. By the results of Section 4, £2 is contained in a maximal 
clique containing 170- 
Now let x • 273. Then g-2 = 2; 1 tq X(x) consists of all pairs y • 271 such that S(y)  ~ 
S(x) - {1, 2} and (Vx, vy) = 0. Moreover, pairs y, z • g2 are adjacent iff S(y)  N S(z)  = 
Q. So g2 is the well known connected graph on 15 vertices, which is simply the point 
graph of the generalized quadrangle related to A6 • 3p4(2). 
/ \ !\/l /! !\ 
I 1 I I I 1 1 I ] 
• • • • • • T • • I I I I I I / I I 
(a) (b) (c) 
F IGURF 2. 
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If i = 3 then x e 2;4. Let Q = (2;2 U 2;3) A Z(x) and v = (4, -4 ,  022) be a vector 
representing the vertex o0. It follows from Table 1 that the orbit 2;4 is distinguished by 
the following condition: o 6 2J is contained in Z4 iff (v, vo) is odd. If x *y = z then the 
equality Vo + vx + Xy + v2 = 0 implies .that exactly one of y and z is contained in ~.  
Notice that if x *Yl =Y2, x *zl =z2 and yl is adjacent o zl then also y is adjacent o z 
for any choice of y in {Yl, Y2} and z in {Zl, z2}. So the graph generated by Q is 
isomorphic to the following graph. As vertices we take all pairs { o, 1:} ~_ ~l such that 
o0* o = r. Two pairs are adjacent if their representatives are adjacent in Z. It is easy 
to see that these pairs Co, 7:} are in one-to-one correspondence with the 2-element 
subsets of ~-{1 ,2} .  Moreover, in terms of 2-subsets the adjacency can be 
reformulated as follows: Sa is adjacent o $2 iff {1, 2} tA $1 U $2 is contained in an octad 
from 5e. We obtain a well known connected graph on 231 vertices which corresponds to 
the residual geometry ~(M22) in the same manner as Z corresponds to ~. We have 
checked condition (i) of Lemma 5.3. 
In order to decompose 5-cycles let us use the graph -~ on 231 vertices mentioned 
above. Its diagram is as shown in Figure 4. 
Let us choose a vertex ~ ~ 2;1- As we noticed above, the graph on the set of pairs 
COl, P2}, where Pl, P2 ~ Z(v) and Pl * "17 = P2, is isomorphic to Z. We may consider 
Figure 4 as the decomposition of that graph with respect o the pair containing o 0. 
Then it is obvious that, for i = 1, 2, 3, pairs from Ei are contained in 2;i. Moreover, * 
has the same meaning in Figure 4 as in Figure 3. Now it can be easily deduced that the 
orbits 3*, 6", 12, 6(=24) and 3* on the edge set of ~ are contained (in an obvious 
sense) in the orbits 7", 28*, 168, 28(=240) and 15" from Figure 3, respectively. Hence, 
for any edge {x, y} in 2;2 U 173 = F2(o0), the distance between Z 1 ('~ Z(X) and Zl f'l Z (y )  
is, in fact, O. 
3"+6"+12 
-~30 
FIGURE 4. 
3* 
Universal 2-cover of ~( Coz) 301 
Finally, let {x,y} be an edge in 2;4. Then x*y•2;2U2;3 .  Hence the distance 
between (Z2 U 2;3) fq 2J(x) and (2;2 U 2;3) (-I 27(y) is 0. [] 
COaOLLAaY 5.5. cg(C02) is simply connected, and the universal closure of the 
amalgam s4(C02) is isomorphic to C02. 
6. ~l(Co2) IS EMBEDDABLE 
In this section we embed the abstract amalgam ~/= ~/(Co2) in a group. Let us recall 
that the amalgam was constructed in Section 2 in terms of the amalgam Me of rank 2 
parabolic subgroups from ~.  Using [12] and [15] we can easily prove that aH subgroups 
~ti, i • I = {0, 1, 2, 3}, are isomorphic to the corresponding Mi except for M3, which is 
a non-split extension 3-M3 (in fact, 343=H-~210:Aut(M22) and 37/3~- 
21°: (3-Aut(M22))). Therefore, since ~/ can be realized inside some group, the 
universal closure of ~ is not isomorphic to Co2. In geometric terms, this means that 
the geometry ~(Co2) is not 2-simply connected. 
The group Co2 has a maximal subgroup of index 2300 isomorphic to U6(2) - 2 [16]. 
The group U6(2) has a unique non-split central extension 3- U6(2)-~ SU6(2). Hence 
there is also a non-split extension 3 -/_]6(2) • 2. Let us consider the 2300-dimensional 
module W over GF(3) for G, induced from the non-trivial 1-dimensional module for 
U6(2)" 2. By Shapiro's lemma [1] there exists a unique non-split extension G-~ 
W • Co2. This is the group in which we are going to embed ~/. 
In order to construct such embedding we have to perform some calculations with 
elements of Co2 acting on W. Hence, first of all, we should present a combinatorial 
construction of the module W. 
Let us recall from Section 4 that G = Co2 acts on the Leech lattice A, fixing the 
vector v0 = (4, 4, 0 22) • A. Let us consider the set ~) of vectors v • A 2 such that 
(v, Vo) = 2. More precisely, we shall usually consider the set g2 of pairs {u, v} _c g) 
defined by u + v = v0. As above, given a pair 7:, we denote by v~ any representative of 
r. The orbits on £2 of the stabilizer H of a0 • 2; are represented in Table 2. In total 
there are exactly 2300 such pairs; that is, the stabilizer of a pair is just a maximal 
subgroup U6(2)" 2 (see [4]). For a subgroup N~ U6(2)-2 of G let NO denote the 
corresponding subgroup of index 2. Since U6(2). 2 has only one subgroup of index 2 we 
obtain that N o is a point stabilizer in G acting on g). Hence we can formulate the 
following criterion: 
LEMMA 6.1. Let N be the stabilizer in G of some pair o)= {v, Vo-  v} E. Then 
x • N - N o iff it interchanges v and Vo - v. 
By its definition, W is a direct sum of 1-dimensional subspaces which form an orbit of 
G of length 2300. Hence we can write W = q) ,o~ W~o. Moreover, the action of G on 
[~,J,o~ W~ n is equivalent to the action on g). 
Suppose that X is a subgroup of G and we are interested in Cw(X).  Let O1 . . . .  , Os 
be the full set of orbits of X on £2. We will call an orbit Oi twisted if, for co e Oi, the 
TABLE 2. 
Orbit Representative ,o Length 
~1 (0, 4, (+4)021) 44 
g22 (2, 2, (±2)6016) 1232 
g23 (1, 3, (+1) 22) 1024 
302 S. V. Shpectorov 
stabilizer of to in X is not contained in N °, where N is the stabilizer of to in G. If O~ is 
twisted then X acts transitively on U, , ,o ,  W~. In the opposite case X has two orbits 
W! ~) and W~ 2) on this set, with W~ ~) -- {w ] -w  ~ W~2)}. In this case put w~ = ~w( , ,  w. 
The following statement is straightforward. 
LEMMA 6.2. The subspace Cw(X)  has a base {w~} with O, ranging through the set of 
all untwisted orbits of X on g2. 
Now we are ready to turn to our main problem. Let us consider G = Co 2 as a factor 
group of G = 3 2300. Co2. The amalgam ~1 is embedded in G. The Borel subgroup B, 
that is the intersection of all members of ~1, is a 2-group. Since W is a 3-group, up to 
conjugacy there is a unique subgroup /3 in (~ which is a preimage of B. Let 
Q /= O2(M,-), i E I0, and let Qi be the preimage of Qi in/1. By the Frattini argument, 
N~(0i)  is an extension of Cw(O_~) by Na(Q~). Notice that Na(Oi )=Mi  and that 
Cw(Oi) = Cw(Qi). For i = 0, 1 set Mi = N6(O_i). 
LEMMA 6.3. Cw(Qo) = 1; in particular, ~'1o ~ Mo. 
PROOF. By definition Mo is the stabilizer of a maximal clique O from -Y. Hence Q0 
is the pointwise stabilizer of O. Recall that O depends on an octad O not intersecting 
{1, 2}. Let (1, 2}, L1 . . . .  , L7 be the full set of lines in n(O)  parallel to {1, 2}. Then O 
consists of Oo and 14 vertices from X1 having non-zero co-ordinates in one of Ll 's. 
By Lemma 6.2 we should prove that all orbits of Q = Q0 on g2 are twisted, i.e. for 
each to = {v, v0} 6 g2 there is x c Q such that v x = v0-  v. Notice that the orbits of Q 
within one orbit of M0 are either all twisted or all untwisted. It is easy to see from 
Table 2 that for each to 6 g2 there is a vertex o ~ O such that (vo, vo~) = 0. Since Mo acts 
vertex-transitively on O, without loss of generality we may suppose that (v .... v~,) = 0. 
But this just means that to e g22. Therefore we may restrict ourselves to the case 
toE~Q 2. 
For such co, i f v=vo,=(2 ,2 ,  v l , v  2 . . . .  , v  22) then v0-  v = (2, 2, -v  j , - v  2 , . . . , -  
v22). We now find for each such v an appropriate lement x. We will look for such x in 
the group Q n E, where E is the diagonal group introduced in Section 3. For x 6 E let 
I(x) be the set of co-ordinates inverting by x. Then, from the description of the clique 
O, one can easily see that an element x from E is contained in Q AE  iff (a) 
{1, 2} n I(x ) = O; and (b) for each L ~ ( L1, . . . , L7), either L ~ I(x ) or L n I(x) = (~. 
The pair to is related with some octad O' containing {1, 2}. Hence it is sufficient o find 
in each case another octad O" intersecting O' exactly in {1,2}, and such that the 
symmetric difference of O' and O" possesses the condition (b). 
There are three cases, depending on I O n O'L. 
Case 1. IO n O'1 = 0. Then O' is a hyperplane in :frO). Choose P to be a plane in 
:r(O) intersecting O' exactly in {1, 2}. Considering the sextet defined by P, we obtain 
an octad O"=PU(O"OO) .  Since P -{1 ,2}  is a line parallel to {1,2}, O" is as 
required. 
Case 2. IO n O'1 = 4. This case is even easier. As was mentioned in Section 3, O ' -O  
is a plane in :r(O). Hence we can choose a hyperplane O" in :frO) intersecting O' 
exactly in {1, 2}. It is eady to see that O" is the octad that we are looking for. 
Case 3. IOn  O'l = 2. We have mentioned in Section 3 that the stabilizer of O in 
Aut(5¢)-~ M24 indices on ~r(O) the full affine group AGL4(2). Therefore, there is an 
inovolution t in Aut(S¢) switching points in each of the lines {1, 2}, L1 , . . . ,  L7. 
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Clearly, O' cannot contain a plane from ~r(O) and, hence, it intersects each L i either 
trivially or in one point. Thus we can take O"= (O') ~. The proof of Lemma 6.3 is 
complete. [] 
COROLLARY 6.4. Cw(QO = 1; in particular, i(/l 1 ~ M1. 
PROOF. Since [MI: M0N M1] = 2 (i.e. each closed 7-clique is contained in exactly 
two maximal cliques) we have that Qo ~ Q1- [] 
COROLLARY 6.5. The natural homomorphism cp from G on to G induces an 
amalgam isomorphism from {)~o, M1} on to {Mo, M1}. [] 
For i •  I0, let /5i denote the preimage of P~ in M0 tO A7/1. We have h4o = (P1,/52,153) 
and MI = (P0, P2, P3). Let us define h~t 2= (P0, P1, P3) and ~Q3 = (/50, ffl,/52). Then, of 
course, tp(M:)= Mz and q~(M3)= M3. The next step is to prove that Me-~ Me- First of 
all, since q~ maps {M0, M1} on to {M0, M1} isomorphically, Q2 is normal in ,Qe, i.e. 
)(12 ~ NO(O,2). Unfortunately, we cannot use the same simple argument as in the cases 
of M0 and M~, since Cw(Q2) 4= 1. Before stating the result about Cw(Q2), we describe 
M2 and Q2 in terms of 27. 
The subgroup Me is the stabilizer in G of the closed 3-clique w = ~e from 27. Without 
loss of generality, we may suppose ~" to be the 3-clique defined by the line 
L = L1 • Jr(O) (see the proof of Lemma 6.3): that is, ~ consists of 00 and two other 
vertices 01, 02 • 271 with S(ol) = S(tr2) = L~. The subgroup Q2 is the pointwise fixer of 
the residue of ~" The residue consists of two parts. The first part, res+(~), is 
{a0, ol, o2}, i.e. the elements of ~g which are contained in ~. The second part, 
res-(5) ,  consists of the closed cliques which contain ~. We describe only the maximal 
cliques from res-(~).  Each such clique is defined by some octad O' not intersecting 
{1, 2}. Moreover, {1, 2} tO Z 1 should be a plane in :r(O'). Therefore, if P0, Pl, - - - , Ps 
is the sextet defined by { 1, 2} tO L1, then O' = P~ to Pj for some i, j > 0. Accordingly, any 
such octad defines a maximal clique containing ~ Henceforth, Q2 can be defined as 
the subgroup fixing a0, al, a2 and stabilizing all parts of the sextet Po, P1 . . . . .  P~. 
Here Q2 is considered as a subgroup of H acting on the coordinate set. 
LEMMA 6.6. dim(Cw(Q2)) <~2. 
PROOF. In order to determine Cw(Q2 ) we should find all untwisted orbits of Q2 on 
~2. Notice that the subgroup Q0 fq E, used in the proof of Lemma 6.3, is contained in 
Q2. Indeed, Q0 fixes 00, Oa and 02, while E fixes all elements of res-(E).  Now, as in 
the proof of Lemma 6.3, we can conclude that if an orbit of M2 contains a pair 09 • O2 
then Q2 has no untwisted sub-orbits on that orbit. Thus we are interested only in those 
tn • g2 with (vo~, v~) = 0 for none of the o • ~. 
Using Table 2, it is easy to verify that there are exactly four such pairs; namely, 
those to • g21 having the second non-zero co-ordinate within L1. It remains to notice 
that each orbit of Q2 on this 4-element set has length at least 2, since Q2 contains the 
involution simultaneously switching points in all lines {1,2}, L l , . . . ,  L7 (this 
involution was also mentioned in the proof of Lemma 6.3). [] 
REMARK. In fact, M2 induces on that 4-element subset of £2 the full group $4. In 
particular, Q2 acts on it transitively. A more detailed investigation shows that this orbit 
is untwisted. Hence dim( Cw(Q2)) -- 1. 
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We also need a simple lemma about amalgams: 
LEMMA 6.7. Let @ = {2 x $3, D8} be the amalgam related to the action of $5 on the 
Petersen graph geometry. Let D be a group which is an extension 3. $5. Then D 
contains exactly one class of sub-amalgams i omorphic to ~, and each such sub- 
amalgam generates a subgroup isomorphic to $5. 
PROOF. First of all, the extension 3. $5 always splits, since the Schur multiplier of 
A5 is of order 2. Hence D contains a sub-amalgam isomorphic to @. If D = 3 x $5 then 
the statement of the lemma is trivial. Therefore, suppose that D = 3:$5 with $5 acting 
non-trivially on the normal 3-subgroup. Let ~ = {X1, X2} and ~ = {Y1, Y2} be two 
sub-amalgams in D isomorphic to @. We should prove that these sub-amalgams are 
conjugate. Without loss of generality, we may suppose that ~ and ~ have the same 
image in the factor group Ss. Moreover, since X2 and Y2 are Sylow 2-subgroups in 
03(D)X2, we may suppose that X2= Y2. Then, also, Z(X1)=Z(Yt ) .  Since this 
subgroup inverts O3(D), we have X 1 = CD(X1)  = II1. [] 
LEMMA 6.8. /~t2~ M2; in particular, cp induces an isomorphism from {)~o, /~1, /~2} 
on to {Mo, M,, M2}. 
PROOF. By Corollary 6.5, we have /50/53 =/53/50 and /51/53 =/53/51, since the same is 
true for Po, P1 and P3. Hence M2 = (/50,/51)/53. For this reason we need, in fact, to 
prove that/5 = (/5o,/51) is isomorphic to P(od} ; that is, to prove that/5/02(/5) ~-$5. Let 
() =O2(/5). Then 02 is a subgroup of O of index 2. By Lemma 6.6 we have 
dim(Cw(0)_) ~< 2. Hence, if we denote by /5 the preimage of P{o, 1} in Nd(Q_), then 
P/Q <~ Nb(Q) = 3 ~ . $5 for some s ~< 2. Now the claim follows from Lemma 6.7, applied 
at most twice. [] 
LEMMA 6.9. /Q3/(~3 = 3" Aut(M22); in particular, the amalgam (/~o, /~1, /~2, /~3} is 
isomorphic to the amalgam ~l. 
PROOF. Let P{i,j} denote the subgroup (/],-, ~) .  Then the amalgam 
{/5(o. 1},/5(o, 2},/5{,. 2}} is isomorphic to the amalgam {P{o, 1), P{o, 2}, P{1.2}} which, in its 
turn, corresponds to the action of M3 on the residual geometry isomorphic to the 
P-geometry ~(M22). By Proposition 2.1, the universal closure of the amalgam 
{/5{0. 1},/5(o. 2},/5{1. 2}} is an extension of (~3 by a factor group of 3- Aut(Mz2) or 3- M22. 
Since M3 = {P{0, 1}, P{o. 2), /5{1, 2} ) has a factor group isomorphic to Aut(Mz2), then 
M3/Q~-Aut(M22) or 3"Aut(Mz2). In the former case, {)~o, M1, M2, M3}-~/ .  
However, we have proved in section 5 that the universal closure of d is isomorphic to 
C02. Since, by definition, G is a non-split extension 323oo. Co2, we obtain that 
(/14o,)~1,/~2,/~J} is not isomorphic to M. Hence )~3/()3 -~ 3- Aut(M22) and 
(/~0, /~1, /~2, /~3} is isomorphic to ~. [] 
COROLLARY 6.10. The universal closure of ,~ is not isomorphic to Co2, and cg is not 
2-simply connected. [] 
7. SUBGEOMETRIES OF ~(Co2) 
Let us now turn to some subgeometries of ~3= ~3(Co2). Let V be a 6-dimensional 
vector space over GF(2), and let ( , )  be a non-degenerate symplectic form on V. 
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Let A be a graph on V n, where two vectors are adjacent iff they are orthogonal. The 
diagram of the graph A, analogous to that in Figure 3, is represented in Figure 5. 
We start with two examples of subgraphs in Z isomorphis to A. 
(1) Let O be an octad containing {1, 2}, and let A 1 be the subgraph in Z, generated 
by all those o with S(o) c_ O. It is easily seen that A1 contains o0, 30 vertices from 271 
and 32 vertices from Z3. 
(2) Let _~ = {al, . . . ,  a7} be a closed 7-clique from Z1. Then, by Proposition 4.2, 
there exists an octad O, not intersecting {1, 2}, such that S (O l ) , . . . ,  S(o7) are the 
lines parallel to {1, 2} in zr(O). In order to define the subgraph A2, let us introduce the 
following notation. For a vector x e A and a 2-subset S c_ ~, let V]s be a vector such 
that 
= ~v~, if i eS ;  
(v Is)i [0, otherwise. 
Let A 2 be the subgraph in 27 generated by all those o with S(o) _~ ~ - (O U {1, 2}) and 
Vo[s, a multiple of vo, for each i = 1 . . . .  ,7  (including the zero multiple). It is easily 
seen that if a is a vertex of A 2 then either o E 3, or o has the shape (-t-2)8016 and S(o) 
is a hyperplane in st(O) not intersecting {1, 2}. Thus A2 contains 7 vertices from 271 
and 56 vertices from -Y'2. 
LEMMA 7.1. In both cases, A' = A i is isomorphic to A. 
PROOF. The proof relies on some calculations in A. We only describe a scheme of 
such calculations, which does not depend on the case chosen. First of all, it can be 
checked that for any o, r ~ A', either r ~ Xl(o) or r c 23(0). Hence (Vo, v~) = 0 if o 
and $ are adjacent, and (vo, v~) = +2 otherwise. 
Let us consider the factor space ./l = /1 / (0o) .  It can be checked that the image in A 
of the vertex set of A' (consisting of 63 elements) is just the set of non-zero vectors of 
some 6-dimensional subspace in ./l. Moreover, the bilinear form 1,-,z4 T6Zai=I xiYi, taken 
modulo 2, is a well-defined non-singular symplectic form on that subspace. Thus we are 
led back to the definition of A. [] 
PROPOSITION 7.2. All subgraphs in X, isomorphic to A, are conjugate. 
PROOF. Let us suppose that A' is a subgraph in 27, isomorphic to A. First of all, the 
subgraph in 2~, generated by A', cannot be a clique. Hence there is a pair of vertices 
or,/3 ~ A' at distance 2 in X. From Figure 3 we see that there are 15 edges coming from 
c~ to Z(/3). Comparing with Figure 5, we obtain that /3 ~ 23(0@ Moreover, we have 
X(cr) A X(b) c A'. Now the proof can be completed by applying the following evident 
property of A: 
Let K2 be a set of vertices of A with the following properties: (1) there are 
o~,fl e t2 which are at distance 2 in A; (2) for any such o6 fl ~ £2 one has 
n a(/3) t?. Then n = A. 
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Indeed, we may suppose without loss that/3 • A 1 . Then, applying the above property, 
we easily obtain A 1 cz A. [] 
Notice that we have proved, in particular, that each pair o:, fi • 27 with/3 • 273(00 is 
contained in exactly one subgraph isomorphic to A. 
Maximal cliques in A are well known: they are the maximal totally isotropic 
subspaces of the original simplectic space V. These totally isotropic subspaces are 
3-dimensional nd, hence, maximal cliques in A consist of 7 elements. All such cliques 
are conjugate by automorphisms of A. In what follows, we will identify A and A~. 
Without loss of generality, we may suppose that ~ _~ A. Let N denote the stabilizer of 
A inG.  
LEMMA 7.3. (i) Each maximal clique in A is closed in Z. 
(ii) each closed 7-clique in 27 is contained in exactly one subgraph isomorphic to A. 
PROOF. We have seen in the proof of Proposition 7.2 that each pair c~, fl • Z such 
that /3 • Za(cQ is contained in exactly one subgraph isomorphic to A. Hence N is 
transitive on the vertex set of A. Now, it follows from the definition of A = A~ that if 
• A (~ z~ 1 then o0" z" e A. Thus A is closed under * and the first statement is proved. 
Now let ~ = ~.  It is sufficient o prove that E is contained in exactly one subgraph 
isomorphic to A. Let A' be such a subgraph. Let us choose a vertex T • A' at distance 2
from a0. Then Zl ( r )  fq ~ = {p~, P2, P3} is a closed 3-clique which is contained in Z~. 
By Lemma 4.3 {1, 2} to S(p~) tO S(p2) to S(p3) is an octad, and hence it is the octad O 
used in the construction of A~. Now it is easy to check, using the operation *, that 
S(~) = 0 and hence z = A. Since 7: • Z3(o0), we obtain A' = A. [] 
Lemma 7.3 enables us to identify N as a subgroup of G = Co2. By (ii), M~ ~< N. 
Moreover, (i) and (ii) together imply that N acts transitively on the set of maximal 
cliques in zi. Thus we obtain that N is a maximal subgroup of G isomorphic to 
21+8. Sp6(2) (see [16]). If we now define a subgeometry Y( in cg as the set of all closed 
cliques in A, then, clearly, ~( is the classical rank 3 simplectic geometry over GF(2), 
and N induces on ~ the full group Sp6(2 ) of its automorphisms. 
In the reminder of this paper we will use the following notation. Let B~ be the 
stabilizer of Ee in N, i = 1, 2, 3, and let Q = O2(N). Then Q is the maximal common 
normal subgroup in the amalgam ~ = {B1, B2, B3}, and the factor amalgam ~/Q = 
{BJQ, B2/Q, B3/Q} is just the amalgam of maximal parabolic subgroups arising in 
the action of Sp6(2) on the simplectic geometry. 
8- THE UNIVERSAL CLOSURE OF 6~(Co2) IS AN ABELIAN EXTENSION 
In the last two sections we shall determine the precise structure of the universal 
closure G of the amalgam M. By definition, there is a natural surjective mapping from 
~/ on to M. This mapping defines a homomorphism tp from t~ on to G = Co2, the 
universal closure of s~. Let K denote the kernel of qg. In this section we prove that K is 
an elementary abelian 3-group. 
In order to adopt the combinatorial notions from Sections 3 and 4, we introduce a 
(~-invariant graph Z, which is an analogue of the graph 27. Notice that, by definition, 
M i is the stabilizer in G of the clique -~i of the size 2 4- i  -- 1; Mi induces on ~i the group 
L4-i(2) in its natural action; and for i < j  one has -~i = ~. In terms of the amalgam M, 
the last two conditions can be reformulated as follows. 
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For i < j  < 3, we have: 
(1) The action of M~ on M~/ M~ ~ M3 is similar to the action of L4_i(2 ) on the 
set of points of the corresponding projective space; (2) M i = ( Mj fq M~)( M~ fq M3). 
Since the restriction of ~ on {37/0, ~/1, a7/2} is an isomorphism on to {Mo, M1, ME}, the 
same statements are valid for ~/~'s instead of M,'s. Translating back to the language of 
permutation representations, we obtain the following: 
LEMMA 8.1. Let G act transitively on a set 2, with ~(13 being the stabilizer of some 
element ~ro ~ 2. Let ~,, 0 <<- i <<- 3, be the orbit of ~I~ on 2 containing 0o. Then: 
(1) ~i is of size 24- i -  1; 
(2) h~/~ induces on ~-i the group L4_~(2) in its natural action; 
(3) ~ = ~for  i <j. 
From now on we consider 2 as a graph defined by the condition that each ~ is a 
clique. Evidently, qo induces a natural mapping 0: 2 ~ Z, such that 0 maps -~ on to ~.  
In particular, ~o ° = o0. The neighbourhood of a vertex 2 in 2 will be denoted by 2(~). 
Cliques in 2 conjugate to -~ will be called closed in Z. All closed cliques in 2 form a 
geometry if3. It is straightforward that 0 defines a 2-covering of @ on to ~g. 
By definition, the stabilizer of a vertex 2 e 2 is conjugate to /~3 = 2 ~°: (3- Aut(M22)). 
Therefore it has a unique normal subgroup T(2) of order 3, which is simply its 
intersection with K. Clearly, (T(O) I f~ e 2 )  is a normal subgroup in G. In the factor 
group of t~ over this normal subgroup the image of ~ is isomorphic to ~.  Hence, by 
Corollary 5.5, the factor group is isomorphic to Co2 and K=(T(O) I O e2). 
Thus, in order to prove the main result of this section, we should prove that T(fi) and 
T(fJ) commute for any vertices fi, ~ e Z. 
We establish this using some subgeometries in ~ that are similar to the sub- 
geometries constructed in ~. Let ~= {/)~, /)2, /)3} be the full preimage of N = 
{B1, B2, B3} in ~/., i.e. /)~ is the full p reimage of B~ in ~/~. Let /~ be the connected 
component of the preimage of A 1 in Z containing 60- By definition, the cliques _~,, 
1 ~< i ~< 3, are contained in/~. Therefore, the subgroups/)~ stabilize A. Moreover, since 
/)3 contains T(Oo), it permutes transitively the neighbourhood of O0 in ~. Since /)2 
induces the full group $3 on the 3-clique -~2, we obtain that N = (/)1,/)2,/)3) acts on 
/~ 1-transitively (transitively on the set of paths of length 1). 
LEMMA 8.2. (i) Any closed clique in A is N-conjugate to ~ for some i = 1, 2 or 3. 
(ii) /)i is the stabilizer of ~i in IV, 1 <~ i <~ 3. 
PROOF. Let 3 be a closed clique in z~. Then, by the above, we may suppose without 
loss that 00 e ~ and, moreover, 0(~) = -~i for some i = 1, 2 or 3. By the definition of/~, 
for a given i, there are exactly 3 cliques in 2 with such properties. The group T(Oo) 
permutes them transitively. In particular, -~ is N-conjugate to -~i. The first claim is 
proved. 
The second claim is obvious since the stabilizer of 2, in fi/is contained in A~/i and its 
image in G is contained in Bi. [] 
Now we can define a subgeometry Jg in ~. It is formed by all closed cliques 
contained in z~. If we define Q to be the preimage of Q in ~ then, clearly, 0 is the 
kernel of the action of .N on ~. The diagram of ~ is defined by the amalgam ~/Q-  The 
only difference from ~/Q is that / )3 /0  ~- 25:(3 • Sp4(2) ) .  Hence the diagram of ~ is: 
• • _ _ o  
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where • - • means the triple cover of the corresponding generalized quadrangle, 
its automorphism group is 3. Sp4(2). The universal closure of the amalgam ~/~ was 
determined by a coset enumeration (it has also been independently constructed by St. 
Heiss). The result can be formulated as follows: 
LEMMA 8.3. /V/Q- -37'  Sp6(2) . 
By this lemma, N A K is an elementary abelian 3-group of order 3 7. A simple 
consequence of this fact is the following: 
COROLLARY 8.4. I f  0 and ~ are adjacent vertices of 2, then T( o) and T( z) commute. 
PROOF. Any two adjacent vertices in ~ are contained in a subgraph conjugate to 
A. [] 
Another consequence of Lemma 8.3 is the following: 
LEMMA 8.5. I f  S is a closed 7-clique in ,~ then IV fq K = (T(o)  I o • ~-). 
PROOF. Let R = (T(o)  Io • S) .  Then R is a /~l-invariant subspace in fi/fq K. But 
/~1 induces on ~tA K the group 26: L3(2) (which is simply a maximal parabolic 
subgroup in Sp6(2)), and the latter group clearly has no faithful representations over 
GF(3) of dimension less than 7. It follows that either R or ~r f) K/R  is trivial. [] 
We need one more preliminary lemma. Let 4)= {T(o)  I o • ~ be at distance 2 from 
fro}. For i = 2, 3, let ~i = (T (o)  I o ~ ~ is at distance 2 from fro and 0(o) • 2;~}. 
LEMMA 8.6. For i = 2, 3 the set ~i is an orbit of ~/13 on alp. Moreover, q~ = c~ 2 t_J ~3. 
PROOF. Since 2913 is transitive on ~7(00) it is sufficient to consider, for a given 
o e ~(00), the subset {T(T) I z- • ~(o)}  and the action on it of the stabilizer R of o in 
 t3. 
By Corollary 8.4, T(o) acts trivially on ~ = {T(T) I ~" • 2~;(o)}. For this reason, we 
can for a moment mean by r its image in ~J, and consider subgroups T ~ ~ as being 
indexed by vertices from Z(o).  Consistently with this, we also use the symbol R to 
mean the image of R in G. 
Let M be the stabilizer of o in G. By the above convention, R is the stabilizer of o0 
in the action of M on 27(o). Of course, the structure of the subgraph 2?(o) is the same 
as that of 2"1. We have already described this structure in Section 5. In particular, it is 
easy to conclude that R has exactly two orbits on 22(o) which are at distance 2 from or0, 
and that they are just the intersections of 27(o) with 272 and 2;3- [] 
We are now ready to prove the main statement of this section. 
PROeOSmON 8.7. K & abelian. 
PROOF. It is sufficient o prove that K = (T(fro), T(o) ]  tr • 2((r0)). Indeed, then, 
by Corollary 8.4 T(Oo) is contained in the centre of K. Clearly, the same should be 
for each vertex of 2;. The claim now follows from the fact that K= (T(o) la•2>. 
Universal 2-cover of cg(Co2) 309 
Let Ko = (T(Oo), T(o) lo~Z(Oo)). By the connectivity of Z,  in order to obtain 
K = Ko we need only to prove that T(a) <~ Ko for each vertex cr at distance 2 from ~0. 
This is the same as proving that T ~< K0 for each T ~ q~. Moreover, since K0 is 
/~3-invariant, it is sufficient o prove that T ~< K0 for some representatives T of ~2 and 
~3 (see Lemma 8.6). We will use Lemma 8.5 and examples A 1 and .42 of subgraphs in 
isomorphic to "4, constructed in Section 7. 
Let us first take the subgraph/1 = z]l, which is by definition a connected component 
of the preimage of "41- Since Z] contains 00, it also contains a closed 7-clique containing 
00. If, as above,/V = ~/1 is the group acting on zl then, clearly, T ~</V for some T ~ q~3- 
By Lemma 8.5,/V N K ~< K0 and, by Lemma 8.6, we have that T <~ Ko for each T e ~3- 
Similarly, let ~ be a closed 7-subclique in ~o not containing fr o. Then, without loss of 
generality, we may suppose that the image of ~ is contained in A2. Let zl2 be the 
connected component of the preimage of "42 containing ~. Also, let N2 be the subgroup 
in G associated with ziz in the same way as ~/is associated with zl. Then, by Lemma 
8.5, Nz fq K <~ Ko, and hence Ko contains some representative of ~2. Now Lemma 8.6 
deals with the final step in the proof. [] 
9. THE MODULE OF THE EXTENSION 
We should now establish the final result; namely, we should determine K as a 
module for G = G/K = Co2. We will use the following strategy. First we will construct 
a kind of presheaf (see [11]) arising in K and prove that such a presheaf is unique up to 
isomorphism. Then we will find an upper bound for the dimension of a module 
generated by such a presheaf, and given an example of such a module the dimension of 
which is just that upper bound. 
First of all, we will make some changes in the definition of the subgroups T(a). 
Above, they were indexed by vertices of Z,  i.e. a ~ 5. By Proposition 8.7, if the 
images of a, ~ c Z in Z coincide then T(a)= T(r).  Thus, now we can consider 
subgroups T(a) as being indexed by vertices of 27, i.e. a e Z. Also, within IV the 
subgroups T(o) are indexed by vertices a e A. 
In order to construct the presheaf we need one more property of ~/~ = 3 7 • 8p6(2  ). 
An operation is induced on A by addition in the 6-dimensional symplectic space, in 
terms of which A was originally constructed. When restricted to the set of pairs of 
adjacent vertices (orthogonal vectors), this operation becomes the operation * 
introduced in Section 4. For pairs of non-adjacent vertices (non-orthogonal vectors) we 
will denote this operation by #. In Section 7 it was proved that each pair of vertices 
o, r ~2 with z-~ Z3(a) is contained in exactly one subgraph isomorphic to A. In 
particular, this means that we have a partial operation # on Z defined for each pair 
a, ~ 6 27 such that T c 2~3(o). In terms of the Leech lattice A, that partial operation can 
be defined as follows: o # ~- = p iff Vo + v~ + vp = 0 for some choice of vo, v~ and vp. 
An example of the operation # is provided by vo = (0, 0, 4, -4 ,  02°), v~ = (0, 0, 0, 4, - 
4, 019) and vp = (0, 0, -4 ,  0, 4, 0x9). 
LEMMA 9.1. If cr~ 273(~) then T(o), T(r) and T(a # T) generate a 2-dimensional 
subspace in K, i.e. T (a# T) << - (T(o), T(T)). 
PROOF. Clearly, we may restrict ourselves to A and N. Let E = N N K = 3 7. Then 
the set q0 = {T(tr) [ o E A} consists of 63 1-dimensional subspaces in E, and B1 has 
exactly two orbits on it. These orbits are ~1 = {T(a) [ae ~1} and ~2= {T(o) [oe 
A - El}- If ~1 = {T~, T2, • . . ,  T7} then, by Lemma 8.5, E = TI • T2 G .  - • • T7. This 
means that B1 acts on E monomially. Moreover, 02(BI)/Q = 2 6 acts as the group of all 
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diagonal matrices of determinant 1 and B1/Oz(B 0 =L3(2) acts on ~1 as on the 
point-set of the corresponding projective plane. Then we can easily find the orbits of 
B1 on E and recognize the 1-dimensional subsaces from @~: namely, lines from q~2 
cover all vectors of E having exactly 4 non-zero co-ordinates which form complements 
of lines in the projective plane defined on @~. From this description we obtain that, for 
a given T(o) • ~2, there are exactly four T(v) • (J~l such that (T(o) ,  T(v)) contains 
some (in fact exactly one) T(p) • ~. Then p = or* v, or o # r, and it is clear that a and 
7: should be non-orthogonal (non-adjacent) and that p = o # v. [] 
Let £2 be the set of all triples {o, v, p)  c_ X such that cr # v = p. Let us define ~(x) 
to be T(x), if x e 2, and (T (o )  I o c x) ,  if x • £2. Then ~ can be considered as a kind 
of presheaf over GF(3) and it has the following basic properties: 
(i) d im(~(a))  = 1 for o • 2:; 
(ii) dim(~(og)) = 2 for o9 c £2; 
(iii) ~(o9) = I oe o9) for 09 • £2; 
(iv) G acts on U ,~zuo  ~(x) in such a way that the stabilizer in G of x e 2: U £2 
stabilizes ~(x) and acts on it linearly. 
The action of G on Uo~z ~(o)  is also known: namely, M3 = 21°: Aut(M22) should 
invert the subgroup T(00) since A~/3 = 21°: (3. Aut(M22)). 
LEMMA 9.2. Up to isomorphism, there is exactly one presheaf ~ having G as an 
automorphism group, possessing the properties (i)-(iv), and with the above action of G 
on Uo~x ~( o). 
PROOF. For o c Z, let ~(o)  be a 1-dimensional space over GF(3). For 09 e £2, let 
~(o9) be a 3-dimensional space freely generated by ~(o) ,  o ~ w. Then the action of G 
on [,_Jo~r ~(o)  defines a linear action of G on Uo~:~ ~(o).  Thus, it is sufficient o prove 
that for to 6 £2 there is exactly one 1-dimensional subspace in ~(o9) invariant under the 
action of the stabilizer of o9 in G. But this is clear, since that stabilizer contains a 
3-element cyclicly permuting elements of w. [] 
Let /~ be the largest module generated by the presheaf ~ (in [11] it is called the 
0-homotopy group). In order to bound the dimension of/~, let us prove an analogue of 
Lemma 8.5 for/£. Let /~= (~(o) loeA) .  
LEMMA 9.3. /~ = (~(o)  I o6  E) for any closed 7-clique in A. 
PROOF. Without loss of generality we may take ~ = ~.  Let Et = 
(~(o0), ~(o)  I oe2 ; ln  A) and E2 = (~(o)  I o~ Z).  Clearly, Ez~E I c1~. Since K is 
a factor module of /£, Lemma 8.5 implies that dim(E2)~>7. Let us show that 
dire(El) ~< 7. It is sufficient to find 7 vertices in Z~ n A such that the corresponding 
1-dimensional subspaces generate Et. Let us define a precise numbering of vertices in 
Z1. For i, j c {3, 4, . . . , 24}, i <j ,  let o~ (oF) denote the vertex in 2:1 such that Vo has 
non-zero co-ordinates in the ith and jth positions and the corresponding signs are the 
± and o~:l are non-adjacent iff I{i, j} n {k, l}l = 1. Now, same (different). The vertices oij 
using Lemma 9.1, it is easy to conclude that E1 is generated by ~(o0), ~(o34), ~(o3~4), 
~(o~-5) , ~(o3~6), ~(o~-7) and ~(o~s), where for simplicity we assume that the octad used 
in the definition of A = A 1 is (1, 2, 3, 4, 5, 6, 7, 8}. 
Thus we have proved that E1 = E2. Now, since ~ = E~, E2 is invariant under B t, 
which has exactly two orbits on the vertex set of A. But we saw that E 2 --- E~ contains 
~(o)  for some o c A - -~. Hence E2 = E. [] 
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COROLLARY 9.4. K= (~(GO) , ~b(O' ) lO 'E .~ l ) .  
PROOF. We can proceed as in Section 8. [] 
LEMMA 9.5. dim(K) <~ 23. 
PROOF. In view of Corollary 9.4 and Lemma 9.1, the module R is generated by 
~(O'0), ~b(O34), ~(O'~-4) , ~(O'~-5) , ~i~(O'~-6) . . . .  , ~(O'ff24)- [] 
We are now ready to take the last step in the proof of our main theorem. 
PROPOSITION 9.6. R is isomorphic to the 23-dimensional irreducible submodule of 
A/3A. 
PROOF. Let us consider z( = A/3A. We may choose ~(cr) = (~3o). By the definition 
of #,  we have that (~(o) ,  ~( r ) ,  ~(cr # T)) is 2-dimensional for all 7: ~-Y'3(cr). Hence 
the only thing we should verify is that the stabilizer of cr in G inverts ~(cr). However, 
this is straightforward in the case tr = cr 0. 
Thus we have proved that a certain submodule of A/3A is a factor module of K. On 
the other hand, it is easy to see that A/3A is a direct sum of 1-dimensional and 
23-dimensional irreducible modules. [] 
COROLLARY 9.7. K = K. 
Finally, it is stated in the main theorem that 0 ,  which is now known to be an 
extension 323. C02, is an non-split extension. In fact, this last statement is completely 
clear, following from the fact that 57/3 = N~(03 ) = 21°: (3" Aut(Coz)). Moreover, in this 
way one can prove that the non-split extension is unique up to isomorphism. Indeed, 
we can construct inside such a group an amalgam isomorphic to ~/. 
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